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This thesis generalizes theorems from [8] about the existence of linear and
continuous operators without nontrivial closed invariant subspaces on some
non-Archimedean Köthe spaces. The methods from the paper are extended
to essentially more non-Archimedean Köthe spaces that have matrices with
coefficients not necessarily growing.
In particular the following theorems are true:




k,n∈N, be a non-Archimedean
Köthe space.
Assume that:
(1) For every m ∈ N there exists a sequence (bmn )n∈N ⊂ R of positive
numbers such that:




for n ≥ j.
(b) For every l ∈ N there exists n ∈ N, n ≥ l such that
ami b
m
i ≤ amn bmn ≤ amj bmj
for 1 ≤ i ≤ n ≤ j.
(2) There exists a sequence (cn)n∈N ⊂ R of positive numbers such that:
(a) For every k, i ∈ N there exists j ∈ N such that
ak+1n cn ≥ akn+icn+i
for n ≥ j.
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(b) For every l, k, i ∈ N there exists m ∈ N, m ≥ l, m > i such
that
ajncn ≤ aj+1m cm





Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.




k,n∈N, be a non-Archimedean
Köthe space.
Assume that:







for n ≥ j.







for n ≥ j.
Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
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This dissertation is written to further investigate the existence of linear
and continuous operators on non-Archimedean Köthe spaces that have no
nontrivial closed invariant subspaces. In the first chapter, we formulate and
prove the General Theorem. The General Theorem is not one theorem,
but a scheme of many theorems. In the second chapter, we define and
prove two specific schemes, which are consequences of the General Theorem.
These schemes are easily proved for the function f ≡ 0, and then are easily
generalized for any function f . And in the third chapter, we show that non-
Archimedean Köthe spaces fulfilling certain properties are isomorphic with
the schemes from the second part.
In comparison with [8], we use the following facilities: using the function
f with real values, duality and algebraization. The function f : N → R
plays a key role. By means of this function, we define a linear operator
T0 : Λ0(A)→ Λ0(A) on a dense subspace Λ0(A) = Lin{e1, e2, . . . } of a non-
Archimedean Köthe space Λ(A). In [8], the function f is defined with integer
values. Now the function f is used with real values. To directly define
the operator T0 we use the function f̂ : N → Z, n 7→ [f(n)]. This gives
large advantages. Among other things, it allows to create a duality. The
duality means that the function f can be replaced with any other function,
but the matrix coefficients of a given non-Archimedean Köthe space must
change accordingly. Using the function f ≡ 0 we get a simple form of
the operator T0, and using the function f other than zero it can be easier
to use geometric properties of a considered non-Archimedean Köthe space.
Algebraization is based on the fact that in one aspect the operator T0 can be
defined completely arbitrarily and the correctness of Lemma 1.6 is obtained
automatically.
In the first paragraph of the first chapter, we formulate the assumptions
of the General Theorem. This theorem says that if for a given function f :





af̂(n+1)en+1 is defined that fulfills these assumptions, then T0 is continuous
and extends to a linear and continuous operator T : Λ(A)→ Λ(A) that has
no nontrivial closed invariant subspaces. These assumptions are defined so
that the duality can be used.
In the second paragraph we assume that f ≡ 0 and prove a few lemmas
needed to prove Theorem 1.9 in the third paragraph, which is a special case
of the General Theorem for f ≡ 0.
By using Theorem 1.11, we create the duality. This theorem says how an
operator T0 : Λ0(A) → Λ0(A) defined by a function f can be replaced with
an operator R0 : Λ0(B)→ Λ0(B) defined by any other function g, with the
spaces Λ(A) and Λ(B) being isomorphic. From Theorem 1.9 and Theorem
1.11 we derive the General Theorem, i.e. Theorem 1.12. With the assertion
proved for f ≡ 0 and the fact that f can be replaced with any other function,
we get the General Theorem.
In the first paragraph of the second chapter, we create and prove the
first specific scheme for f ≡ 0, which then generalize for any f in the second
paragraph. In the third paragraph, we introduce the second specific scheme
and its generalization.
In the first paragraph of the third chapter, we prove the basic theorem
proved in [8], using the first specific scheme for f ≡ 0. In the second
paragraph, we use the generalized first specific scheme and we do not assume
that the matrixes coefficients of non-Archimedean Köthe spaces are bounded
from below.
In the further part of the chapter, we assume that the coefficients of
matrixes of non-Archimedean Köthe spaces are limited from below, so we
can use the second specific scheme. The division of non-Archimedean Köthe
spaces due to the type of the coefficients is not strict and depends to a large
extent on the function f .
From Theorem 3.6, we get successively theorems 3.9, 3.10 and 3.11.
Theorem 3.11 generalizes Theorem 3.8 from [8]. And from Theorem 3.11
we obtain successively theorems 3.14, 3.15, 3.16 and 3.17. Theorem 3.15
generalizes Theorem 4.1 from [8] for nuclear non-Archimedean Köthe spaces
[7]. And Theorem 3.17 generalizes the results for non-Archimedean analytic
functions proved in [8].
When Diara [3] in 1979 studied p-adic representations, the problem arose
of existence continuous operators on infinitely dimensional non-Archimedean
Banach spaces without nontrivial closed invariant subspaces. If there were
such operators on infinitely dimensional non-ArchimedeanK-Banach spaces,
where Qp ⊂ K, that would mean that there exist p-adic irreducible repre-
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sentations in an infinitely dimensional non-Archimedean Banach spaces.
Let K be a nontrivial complete non-Archimedean field, C an algebraic
closure of K and Γ a spherical completion of C.
Let a ∈ Γ, a 6= 0 and let b ∈ C be such that
|b− a| < |a|.





















1 +W (a) +W 2(a) + . . .
)
,
where Q(a) = 1−W (a)a .
Thus a is invertible in the K-Banach algebra generated by a.
Hence the K-Banach algebra K(a) is a field.
If a ∈ Γ \ C, then a is transcendental over K, and the operator
τ : K(a)→ K(a), τ : x 7→ ax
has no nontrivial closed invariant subspaces.
Therefore p-adic irreducible representations in an infinitely dimensional
non-Archimedean Banach spaces exist since Cp is not spherically complete.
In classical analysis the problem of invariant subspaces was first solved
by Enflo [4] and Read [12, 13, 14] for some Banach spaces.
In 1992 van Rooij and Schikhof [16] stated the problem for infinitely
dimensional algebraically closed and spherically complete non-Archimedean
Banach spaces. The problem was solved by Śliwa [18] in 2008 for all infinitely
dimensional non-Archimedean Banach spaces. Śliwa [19] also gave a simple
explicit example of an operator without invariant subspaces in Banach
space `1.
Atzmon [1] was the first who proved the existence of operators without
invariant subspaces on Fréchet space that is not a Banach space.
Goliński [5, 6] constructed operators without invariant subspace on some
Köthe spaces whose norms are the `1 norms.
9
Introduction
By K, we denote a nontrivial complete non-Archimedean field, i.e. a field
K with a function
| · | : K → [0,∞)
called a valuation that satisfies the conditions:
(1) |λ| = 0 if and only if λ = 0,
(2) |λµ| = |λ||µ|,
(3) |λ+ µ| ≤ max (|λ|, |µ|)
for λ, µ ∈ K. And we assume that the topology generated by the valuation
is complete and nontrivial, i.e. there exists λ ∈ K, λ 6= 0 and |λ| 6= 1.
A norm on a K-vector space E is a map
‖ · ‖ : E → [0,∞)
such that:
(1) ‖x‖ = 0 if and only if x = 0,
(2) ‖λx‖ = |λ|‖x‖,
(3) ‖x+ y‖ ≤ max (‖x‖, ‖y‖)
for λ ∈ K, x, y ∈ E.
A K-vector space E with a norm is called a K-normed space. If the
topology generated by the norm is complete, it is called a K-Banach space.
If a K-normed space E contains a countable set that forms a linear hull
dense in E, we say that it is of countable type. In some cases, we drop the
prefix ”K-”.
If ‖ · ‖ is a norm on a K-vector space E, x, y ∈ E and ‖x‖ > ‖y‖, then














for λ ∈ Λ(b), λ = (λ1, λ2, . . . ) is a Banach space. In particular,
c0 = {(λ1, λ2, . . . ) ∈ KN : lim
n→∞
|λn| = 0},
where ‖λ‖ = maxn∈N |λn| , λ = (λ1, λ2, . . . ) ∈ c0, is a Banach space.
Each infinitely dimensional Banach space of countable type is isomorphic
to c0.
A non-Archimedean Köthe space [11] is a K-vector locally convex space







(λ1, λ2 . . . ) ∈ KN : lim
n→∞
|λn|bkn = 0 for k ∈ N
}
,
where bkn ∈ R, bkn > 0 for k, n ∈ N, and the topology is generated by the
collection of norms





for k ∈ N, λ ∈ Λ(A), λ = (λ1, λ2, . . . ).







n ≤ bk+1n for k, n ∈ N, unless otherwise stated.
Non-Archimedean Köthe spaces are complete.
We can treat the Banach spaces Λ((bn)n∈N) as non-Archimedean Köthe
spaces Λ((bkn)k,n∈N), where b
k
n = bn for k, n ∈ N.
Each non-Archimedean Köthe space Λ(B) is metrizable by an invariant
ultrametric, such as by








for xn, x ∈ Λ(B), n ∈ N if and only if
lim
n→∞
pk (xn − x) = 0
for k ∈ N.
Every linear and continuous operator T0 : Λ0 → Λ(B), where Λ0 is a
dense linear subspace of the non-Archimedean Köthe space Λ(B), extends
uniquely to a linear and continuous operator T : Λ(B)→ Λ(B).
If f : N→ R, than by f̂ we denote the function such that f̂ : N→ Z and
f̂(n) = [f(n)] for n ∈ N.
The symbols en always mean (δn,j)j∈N and if λ = (λn)n∈N, then we also
write λ(n) instead of λn, n ∈ N.
By [n,m], [n,m), (n,m) for n,m ∈ N, n ≤ m, we denote the sets {i ∈
N : n ≤ i ≤ m}, {i ∈ N : n ≤ i < m}, {i ∈ N : n < i < m} respectively.
We say that an operator ϕ : Φ→ Φ of a linear topological space Φ has an
invariant subspace Ψ ⊂ Φ if ϕ(Ψ) ⊂ Ψ and Ψ is closed, and it is nontrivial
if Ψ 6= {0} and Ψ 6= Φ.
For more details from non-Archimedean functional analysis, the reader




Let K be a non-Archimedean field and let a ∈ K, |a| > 1 be a fixed element.
By K̂ we denote the smallest ring contained in K to which 1 belongs. All
non-Archimedean Köthe spaces Λ(A) are over K. By Λ0(A) we denote
Lin{e1, e2, . . . } ⊂ Λ(A).
1.1 The Assumptions
From this point until Theorem 1.9, the following assumptions are applied.
Assumption 1.1.





, αkn ∈ R for k, n ∈ N, be a
non-Archimedean Köthe space.
(2) Assume that
αkn + 1 ≤ αk+1n
for k, n ∈ N.
(3) Let
µ : N→ N
be a function that takes any natural number infinitely many times.
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(4) Let the functions
x : N→ N,
y : N→ N,
z : N→ N,
χ : N→ N,
ψ : N→ N,
ϕ : N→ N
be defined such that
x(k) ≤ χ(k) < χ(k) + x(k) ≤ y(k) < ψ(k) < z(k) ≤ x(k + 1),
ϕ(k) = x(k) + y(k)− 1
for k ∈ N.
(5) Let
f : N→ R
and let
T0 : Λ0(A)→ Λ0(A)








for n ∈ N, where εn,i ∈ K̂ for n ∈ N, 1 ≤ i ≤ n.
Lemma 1.2. Let Λ(C) be a non-Archimedean Köthe space and let
T̄ : Λ0(C)→ Λ0(C)







for n ∈ N, where f̄ : N→ Z and ε̄n,l ∈ K̂ for n ∈ N, 1 ≤ l ≤ n.






where ε̄i,j,i+j = 1 for i, j ∈ N, and the ε̄i,j,l are independent of f̄ .
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Proof. By (1.1), equality (1.2) is true when i = 1 and j ∈ N.
Suppose that (1.2) is true for some i ∈ N and every j ∈ N. Let k ∈ N,
then














































Therefore, by induction, (1.2) is true for i, j ∈ N and the ε̄i,j,l are inde-
pendent of f̄ .
Lemma 1.3. Let Λ(C) be a non-Archimedean Köthe space and let
T̄ : Λ0(C)→ Λ0(C)







for n ∈ N, where f̄ : N→ Z and ε̄n,l ∈ K̂ for n ∈ N, 1 ≤ l ≤ n.
Then for every m ∈ N





if and only if
T̄maf̄(1)e1 = a
f̄(m+1)em+1. (1.4)





= −T̄maf̄(1)e1 + T̄ af̄(m)em
for m ∈ N.
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Assumption 1.4.


















for ψ(1) ≤ n < z(1). If we have defined T0en for 1 ≤ n < z(1), then










Let k ∈ N, k ≥ 2. Suppose that we have defined T0en for 1 ≤ n ≤

















for ψ(k) ≤ n < z(k). Assume that we have defined T0en for












(a) for every k ∈ N and x(k) < n ≤ χ(k) + x(k)
αµ(k)n + f(n) ≤ 0;
(b) for every k ∈ N and χ(k) < n ≤ y(k)
αµ(k)+1n + f(n) ≥ 0;
(c) for every k ∈ N
α
µ(k)+2
y(k)+1 + f(y(k) + 1) ≤ 0
and
αµ(k)+2n + f(n) ≥ α
µ(k)+2
n+1 + f(n+ 1)
if y(k) < n < ψ(k).

















for k ∈ N, j ≥ ψ(k) and 1 ≤ i ≤ ϕ(k).
1.2 Some more Lemmas
From now on to the Theorem 1.9, we assume that f ≡ 0.







Proof. We have e1 = T
0
0 e1, e2 = −ε1,1T 00 e1 + T0e1. Let m ∈ N, m ≥ 2.
Suppose that (1.5) is true for 1 ≤ n ≤ m. Then















































T i0e1 + ε̂m,m−1T
m
0 e1
Therefore, by induction, (1.5) is true for n ∈ N.







are true for k ∈ N, 1 ≤ n ≤ x(k).
Proof. If k = 1, n = 1, then
T
x(1)
0 e1 = ex(1)+1.
Let k ∈ N, k ≥ 2, n = 1. Then, by Assumption 1.4 (1) and Lemma 1.3,
T
x(k)




0 e1 = T
x(k)−z(k−1)
0 ez(k−1)+1 = ex(k)+1.
Assume that k ∈ N, 2 ≤ n ≤ x(k). Then, by Lemma 1.5, there exist


































Therefore (1.6) is true.








are true for k ∈ N, j > y(k) and 0 ≤ i ≤ ϕ(k).
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Proof. Let k ∈ N, j > y(k) and 0 ≤ i ≤ ϕ(k).
































Hence, by induction, we may assume that j ≥ ψ(k) and 1 ≤ i ≤ ϕ(k).






































Lemma 1.8. The operator T0 is continuous and extends uniquely to a con-
tinuous operator
T : Λ(A)→ Λ(A).
Proof. Let n ∈ N. By Lemma 1.7, there exists m ∈ N such that
pn (T0ei) ≤ |a|α
n+2
i = pn+2(ei)
for i ≥ m. Hence there exists Mn > 0 such that
pn (T0ei) ≤Mnpn+2(ei)
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for i ∈ N.
Let λ =
∑j














Therefore T0 is continuous. Since Λ0(A) is dense in Λ(A) and Λ(A) is a
non-Archimedean Köthe space, there exists a unique linear and continuous
extension T of T0 to Λ(A).
1.3 The Fundamental Theorems
Theorem 1.9. The operator T0 extends to a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
Proof. By Lemma 1.8, the operator T0 extends uniquely to a linear and
continuous operator T : Λ(A) → Λ(A). Now we show that the operator T
has no nontrivial invariant subspaces.
Let ξ ∈ Λ(A), ξ 6= 0 and let X be the smallest invariant subspace of T
such that ξ ∈ X.













for every k ∈ N, i.e. limn→∞ ξ̄n = e1. Since then e1 ∈ X, and if
Lin{e1, e2, . . . , en} ⊂ X, then Lin{e1, e2, . . . , en+1} ⊂ X for en+1 = Ten + ρ,
where ρ ∈ Lin{e1, e2, . . . , en}. Thus it follows, by induction, that
Lin{e1, e2, . . . } ⊂ X. Hence Λ(A) = cl Lin{e1, e2, . . . } ⊂ X, so X = Λ(A).
And this means that every non-null invariant subspace of T is equal to Λ(A).
Therefore we obtain that T does not have nontrivial invariant subspaces.





























|a|−αnm |a|αkm ≤ sup
m∈N
|a|−αnm+αkm ≤ |a|−n+k








for k ∈ N.
Let n ∈ N and let k ∈ N be such that: µ(k) = n; ξ(l) 6= 0 for some




for m > y(k).
Such k ∈ N exists by the facts that the set {k ∈ N : µ(k) = n} is
infinite, ξ 6= 0, limm→∞ |a|α
µ(k)+1
m ξ1(m) = limm→∞ |a|α
µ(k)+2
m ξ1(m) = 0 and
by Assumption 1.4 (2)(b).









Since max1≤m≤χ(k) |ξ1(m)| ≥ |ξ1(l)| = 1, |υ−1| ≤ 1.
Thus
|ξ2(m)| ≤ |ξ1(m)| < 1




for m > y(k).
Let r be the largest integer such that





|ξ2(m)| ≤ 1 if 1 ≤ m < r,
|ξ2(r)| = 1,
|ξ2(m)| < 1 if r < m ≤ y(k).
(1.9)
Let
T1 : Λ(A)→ Λ(A)











for λ ∈ Λ(A), λ =
∑∞
m=1 λmem and let
















|(T i1ξ2)(m)| ≤ 1 if 1 ≤ m ≤ y(k), i ∈ N ∪ {0},
|(T i1ξ2)(r + i)| = 1 if r ≤ r + i ≤ y(k),
|(T i1ξ2)(m)| < 1 if r ≤ r + i < m ≤ y(k).
(1.10)
If i = 0, then (1.10) is true by (1.9). Let i ∈ N ∪ {0}. By the definition
of T1, we have













































Suppose that ∣∣(T i1ξ2)(m)∣∣ ≤ 1
for 1 ≤ m ≤ y(k).
Then















∣∣(T i1ξ2)(m)∣∣ , |(T i1ξ2)(y(k))|) ≤ 1,
∣∣(T i+11 ξ2)(j)∣∣ =








(∣∣(T i1ξ2)(j − 1)∣∣ , max
j≤m<y(k)
|εm,j |
∣∣(T i1ξ2)(m)∣∣) ≤ 1
if 1 < j < y(k), ∣∣(T i+11 ξ2)(y(k))∣∣ = ∣∣(T i1ξ2)(y(k)− 1)∣∣ ≤ 1.
Thus ∣∣(T i+11 ξ2) (m)∣∣ ≤ 1
for 1 ≤ m ≤ y(k).
Now assume that r ≤ r + i < y(k),∣∣(T i1ξ2)(r + i)∣∣ = 1
and ∣∣(T i1ξ2)(m)∣∣ < 1
if r + i < m ≤ y(k).
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If r + i+ 1 < y(k), then
∣∣(T i+11 ξ2)(r + i+ 1)∣∣ =











∣∣εm,r+i+1(T i1ξ2)(m)∣∣ < 1.
If r + i+ 1 = y(k), then∣∣(T i+11 ξ2)(y(k))∣∣ = ∣∣(T i1ξ2)(y(k)− 1)∣∣ = ∣∣(T i1ξ2)(r + i)∣∣ = 1.
Thus ∣∣(T i+11 ξ2)(r + i+ 1)∣∣ = 1.
If r + i+ 1 < j < y(k), then
∣∣(T i+11 ξ2)(j)∣∣ =











∣∣εm,j(T i1ξ2)(m)∣∣ < 1.
If r + i+ 1 < j = y(k), then∣∣(T i+11 ξ2)(y(k))∣∣ = ∣∣(T i1ξ2)(y(k)− 1)∣∣ = ∣∣(T i1ξ2)(j − 1)∣∣ < 1.
Thus ∣∣(T i+11 ξ2)(j)∣∣ < 1
if r + i+ 1 < j ≤ y(k).
Therefore (1.10) is true by induction.








(χ(k) + j), i, j = 1, 2, . . . , t,
u = y(k)− x(k) + 1,
and let
ρ = (ρ1, ρ2, . . . , ρt)
be such that ρj = 0 when j 6= u− χ(k) and ρu−χ(k) = 1.
By (1.10) we get
|aij | < 1 when i < j,
|aij | = 1 when i = j,
















Therefore by the Cramer’s rule
(a1, a2, . . . , at)M = ρ, (1.11)
where am =
detMm
detM and the matrix Mm = (a
m
ij )1≤i,j≤t for 1 ≤ m ≤ t is
created from M by replacing the m-th row by instead of entering ρ, while
|am| ≤ 1 (1.12)





















Then ξ3 ∈ X.
We show that (1.7) is true with ξ̄n = ξ3.
We use the equality





1 , m ∈ N.
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The equality is true for m = 1. Assume that this equality is true for
some m ∈ N.
Then
























































































































































































































We still need to prove that pµ(k)(ξm) ≤ 1 for m = 4, 5, 6.


















































































x(k) + s+ t− 1 = x(k) + χ(k)− r + y(k)− χ(k)− 1 < ϕ(k).




















Hence for every n ∈ N there exists k ∈ N such that µ(k) = n and there















k,n∈N, be a non-Archimedean





n∈N ⊂ R for k ∈ N, c
k






are satisfied for k ∈ N, then the identity







k,n∈N, is an isomorphism.
(2) Let (νn)n∈N ⊂ K∗ and let cn = |νn| for n ∈ N. Then the map















k,n∈N, is an isomorphism.
(3) Let (cn)n∈N ⊂ R, cn > 0 for n ∈ N. Then the spaces Λ(B) and







Proof. (1) Suppose that (1.13) is satisfied. We have
Λ(B) =
{
(λ1, λ2 . . . ) ∈ KN : lim
n→∞




(λ1, λ2 . . . ) ∈ KN : lim
n→∞




I : Λ(B)→ Λ(C), λ 7→ λ










|λmn |bkn = 0
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|λmn |cknbkn = 0




if and only if
lim
m→∞

















for (λn)n∈N ∈ KN, k ∈ N, the map τ is a linear bijection such that
pk(λ) = pk(τ(λ))
for λ ∈ Λ(B), k ∈ N.
Therefore τ is an isomorphism.


























are isomorphic by (2).
Therefore the spaces Λ(B) and Λ(C) are isomorphic.






, functions µ, x, y, z, χ, ψ, ϕ, f and an operator









for n ∈ N, where εn,i ∈ K̂ for n ∈ N, 1 ≤ i ≤ n, satisfy Assumptions 1.1
and 1.4 (1), (2).





, be a non-Archimedean Köthe space
and let g : N→ R.
Assume that
αkn + f(n) = β
k
n + g(n) (1.14)
for k, n ∈ N.
Then the non-Archimedean Köthe space Λ(B), the functions µ, x, y, z, χ,








for n ∈ N satisfy Assumptions 1.1 and 1.4 (1), (2).
If the non-Archimedean Köthe space Λ(A), the functions µ, x, y, z, χ, ψ,
ϕ, f and the operator T0 : Λ0(A)→ Λ0(A) satisfy Assumptions 1.1 and 1.4,
then the non-Archimedean Köthe space Λ(B), the functions µ, x, y, z, χ, ψ,
ϕ, g and the operator R0 satisfy Assumptions 1.1 and 1.4.



















































for k ∈ N.
Hence Λ(B), the functions µ, x, y, z, χ, ψ, ϕ, g and the operator R0 satisfy
Assumption 1.4 (1).
Moreover, they satisfy Assumption 1.4 (2) by (1.14).
Therefore Λ(B), the functions µ, x, y, z, χ, ψ, ϕ, g and the operator R0
satisfy Assumptions 1.1 and 1.4 (1), (2).
If Λ(A), the functions µ, x, y, z, χ, ψ, ϕ, f and the operator T0 satisfy As-
sumption 1.1 and 1.4, then, by the above, Λ(B), the functions µ, x, y, z, χ,
ψ, ϕ, g and the operator R0 satisfy Assumptions 1.1 and 1.4 (1), (2). And
they satisfy Assumption 1.4 (3) by (1.14)-(1.16). Therefore Λ(B), the func-
tions µ, x, y, z, χ, ψ, ϕ, g and the operator R0 satisfy Assumptions 1.1 and
1.4.




, functions µ, x, y, z, χ, ψ, ϕ, f and an operator T0 satisfy As-
sumptions 1.1 and 1.4.
Then T0 extends to a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.










, where βkn = α
k
n + f(n) −
f̂(n), γkn = α
k
n + f(n) for k, n ∈ N, and let T0 : Λ0(A)→ Λ0(A),














for n ∈ N.
Since
αkn + f(n) = γ
k
n + g(n)
for k, n ∈ N, where g : N→ R, g ≡ 0, by Theorem 1.11, Λ(C), the functions
µ, x, y, z, χ, ψ, ϕ, g and the operator R0 satisfy Assumptions 1.1 and 1.4.
Hence, by Theorem 1.9, R0 extends to a linear and continuous operator
R : Λ(C)→ Λ(C)
that has no nontrivial invariant subspaces.
By Lemma 1.10,
τ : Λ(A)→ Λ(C)
is an isomorphism, where τ = τ̂ I, I : Λ(A)→ Λ(B), λ 7→ λ, and
























for n ∈ N.
Therefore T0 extends to a linear and continuous operator
T : Λ(A)→ Λ(A)




Now we prove some specific schemes. We assume that the schemes satisfy
Assumptions 1.1 and 1.4 (1), (2) and have some additional properties. Next
we prove that from these assumptions and the additional properties follows
Assumption 1.4 (3). In this way, we prove the truth of the schemes.
2.1 The first Specific Scheme






, functions µ, x, y, z, χ, ψ, ϕ, f and an operator T0 satisfy















for k ∈ N, n ≥ ψ(k), 1 ≤ i < ϕ(k) if n + i = y(r) for some r > k















for k ∈ N, 1 ≤ j ≤ k, 1 ≤ i < z(k).
Then the non-Archimedean Köthe space Λ(A), the functions µ, x, y, z, χ,
ψ, ϕ, f and the operator T0 satisfy Assumptions 1.1, 1.4 and T0 extends to
a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.





for i, j ∈ N.










for k ∈ N, j ≥ ψ(k) and 1 ≤ i ≤ ϕ(k).
Let k ∈ N, j ≥ ψ(k) and 1 ≤ i ≤ ϕ(k).
• If y(m) 6∈ [j, j + i) for m > k and z(m) 6∈ [j, j + i) for m ≥ k, then










= −αµ(k)+2j + α
µ(k)
i+j ≤ 0.












































































Thus Assumption 1.4 (3) is satisfied.
Hence the non-Archimedean Köthe space Λ(A), the functions µ, x, y,
z, χ, ψ, ϕ, f and the operator T0 satisfy Assumptions 1.1, 1.4.
And therefore, by Theorem 1.9, T0 extends to a linear and continuous
operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
2.2 The more general setting for the first Specific
Scheme






, functions µ, x, y, z, χ, ψ, ϕ, f and an operator T0 satisfy





for k ∈ N, ψ(k) ≤ n < z(k).
(2)
αµ(k)+2n + f(n) ≥ α
µ(k)
n+i + f(n+ i)
for k ∈ N, n ≥ ψ(k), 1 ≤ i ≤ ϕ(k).
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(3)
αµ(k)+2n + f(n) ≥ α
µ(k)+1
n+i + f(n+ i)
for k ∈ N, n ≥ ψ(k), 1 ≤ i < ϕ(k) if n + i = y(r) for some r > k




i + f(i) ≤ α
µ(j)+1
y(k) + f(y(k))




i + f(i) ≤ α
µ(j)+1
z(k) + f(z(k))
for k ∈ N, 1 ≤ j ≤ k, 1 ≤ i < z(k).
Then T0 extends to a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.





, βkn = α
k
n + f(n) for k, n ∈ N, be






for n ∈ N, and let R0 : Λ0(B) → Λ0(B) be such that R0en =
∑n
i=1 εn,iei +
en+1 for n ∈ N. We have
αkn + f(n) = β
k
n + g(n)
for k, n ∈ N, where g : N→ R, g ≡ 0.
Λ(A), the functions µ, x, y, z, χ, ψ, ϕ, f and the operator T0 satisfy As-
sumptions 1.1 and 1.4 (1), (2). Then, by Theorem 1.11, Λ(B), the functions
µ, x, y, z, χ, ψ, ϕ, g and the operator R0 satisfy Assumptions 1.1 and 1.4 (1),
(2). Since Λ(B), the functions µ, x, y, z, χ, ψ, ϕ, g and the operator R0 satisfy
conditions (1)-(6) of Theorem 2.1, they satisfy Assumptions 1.1 and 1.4.
Hence, by Theorem 1.11, Λ(A), the functions µ, x, y, z, χ, ψ, ϕ, f and the
operator T0 satisfy Assumptions 1.1 and 1.4.
Therefore, by Theorem 1.12, T0 extends to a linear and continuous op-
erator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
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Remark 2.3. The function f can be expressed literally, i.e. the Assumptions
1.4 (2), (3) can be written such that:
• Let
– for every k ∈ N and x(k) < n ≤ χ(k) + x(k)
f(n) ≤ −αµ(k)n ;
– for every k ∈ N and χ(k) < n ≤ y(k)
f(n) ≥ −αµ(k)+1n ;
– for every k ∈ N
f(y(k) + 1) ≤ −αµ(k)+2y(k)+1
and




if y(k) < n < ψ(k).
• If εi,j,l 6= 0, then




for k ∈ N, j ≥ ψ(k), 1 ≤ i ≤ ϕ(k), 1 ≤ l ≤ j + i.
And the conditions (2)-(5) of Theorem 2.2 can be written such that:
•




for k ∈ N, n ≥ ψ(k), 1 ≤ i ≤ ϕ(k).
•




for k ∈ N, n ≥ ψ(k), 1 ≤ i < ϕ(k) if n + i = y(r) for some r > k or
n+ i = z(s) for some s ≥ k.
•




for k ∈ N, k ≥ 2, 1 ≤ j < k, 1 ≤ i ≤ ϕ(j).
•




for k ∈ N, 1 ≤ j ≤ k, 1 ≤ i < z(k).
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2.3 The second Specific Scheme and the general-
ization






, functions µ, x, y, z, χ, ψ, ϕ, f and an operator T0 satisfy
Assumptions 1.1, 1.4 (1), (2) and the following additional conditions:
(1) There exist function ν, sets Xk for k ∈ N \ {1} and functions υk for
k ∈ N \ {1} such that
ν : N \ {1} → N \ {1};
ψ(k) ≤ ν(k)y(k) < (ν(k) + 1)y(k) < z(k),
Xk = {m ≥ ν(k) : my(k) < z(k),m = 0 (mod ν(k)) or
m = 1 (mod ν(k))} ,
υk : Xk → N, m 7→ my(k)





if k ∈ N, ψ(k) ≤ n < z(k) and n 6= υk(m) for m ∈ Xk if k ≥ 2;
T0en = −e1 + en+1
if n = υk(m) for some m ∈ Xk, k ≥ 2 and m = 0 (mod ν(k));
T0en = e1 + en+1











for k ∈ N, n ≥ ψ(k), 1 ≤ i < ϕ(k) if n + i = y(r) for some
r > k or n + i = z(s) for some s ≥ k or n + i = υt(m) for some



































for k ∈ N, k ≥ 2, 1 ≤ j ≤ k, z(k)− (ν(k)− 1)y(k) < i < z(k).
Then the non-Archimedean Köthe space Λ(A), the functions µ, x, y, z, χ,
ψ, ϕ, f and the operator T0 satisfy Assumptions 1.1, 1.4 and T0 extends to
a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.






for i, j ∈ N.











for k ∈ N, j ≥ ψ(k) and 1 ≤ i ≤ ϕ(k).
Let k ∈ N, k ≥ 2. We have
T
y(k)−1
0 e1 = ey(k)
since T
z(k−1)
0 e1 = ez(k−1)+1 and T0en = en+1 for z(k − 1) < n < y(k). Thus
T
y(k)
0 e1 = ey(k)+1 + e1.














for 1 ≤ n ≤ z(k)− ν(k)y(k) since
T0ey(k) = ey(k)+1 + e1,
T0eν(k)y(k) = eν(k)y(k)+1 − e1,
T0eυk(m) = eυk(m)+1 − e1
if m ∈ Xk and m = 0 (mod ν(k)),
T0eυk(m) = eυk(m)+1 + e1
if m ∈ Xk and m = 1 (mod ν(k)) and
T0en = en+1














The operator T0 is defined such that
T
z(k)
0 e1 = ez(k)+1.
Therefore if z(k) = 0 (mod ν(k)y(k)), then




if z(k) = y(k) (mod ν(k)y(k)), then









Now we show that Assumption 1.4 (3) is satisfied.
Let k ∈ N, j ≥ ψ(k), 1 ≤ i ≤ ϕ(k).
• Suppose that z(s) 6∈ [j, j + i) for s ≥ k.
– If y(r) 6∈ [j, j + i) for r > k and υt(m) 6∈ [j, j + i) for t ≥ k,
t ≥ 2, m ∈ Xt, then

























































































• Now suppose that z(s) ∈ [j, j + i) for some s ≥ k.





































– Assume that s ≥ 2.
Then
ϕ(k) < z(s)− (ν(s)− 1) y(s) + 1
since
z(s)− (ν(s)− 1) y(s) + 1− ϕ(k) > (ν(s) + 1) y(s)




























































Thus Assumption 1.4 (3) is satisfied.
Hence the non-Archimedean Köthe space Λ(A), the functions µ, x, y,
z, χ, ψ, ϕ, f and the operator T0 satisfy Assumptions 1.1, 1.4.
And therefore, by Theorem 1.9, T0 extends to a linear and continuous
operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.






, functions µ, x, y, z, χ, ψ, ϕ, f and an operator T0 satisfy
Assumptions 1.1, 1.4 (1), (2) and the following additional conditions:
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(1) There exist function ν, sets Xk for k ∈ N \ {1} and functions υk for
k ∈ N \ {1} such that
ν : N \ {1} → N \ {1};
ψ(k) ≤ ν(k)y(k) < (ν(k) + 1)y(k) < z(k),
Xk = {m ≥ ν(k) : my(k) < z(k),m = 0 (mod ν(k)) or
m = 1 (mod ν(k))} ,
υk : Xk → N, m 7→ my(k)





if k ∈ N, ψ(k) ≤ n < z(k) and n 6= υk(m) for m ∈ Xk if k ≥ 2;
T0a
f̂(n)en = −af̂(1)e1 + af̂(n+1)en+1





if n = υk(m) for some m ∈ Xk, k ≥ 2 and m = 1 (mod ν(k)).
(3)
αµ(k)+2n + f(n) ≥ α
µ(k)
n+i + f(n+ i)
for k ∈ N, n ≥ ψ(k), 1 ≤ i ≤ ϕ(k).
(4)
αµ(k)+2n + f(n) ≥ α
µ(k)+1
n+i + f(n+ i)
for k ∈ N, n ≥ ψ(k), 1 ≤ i < ϕ(k) if n + i = y(r) for some
r > k or n + i = z(s) for some s ≥ k or n + i = υt(m) for some




i + f(i) ≤ α
µ(1)+1
z(1) + f(z(1))





i + f(i) ≤ α
µ(j)+1
y(k) + f(y(k))












i + f(i) ≤ α
µ(j)+1
z(k) + f(z(k))




i + f(i) ≤ α
µ(j)+1
z(k) + f(z(k))
for k ∈ N, k ≥ 2, 1 ≤ j ≤ k, z(k)− (ν(k)− 1)y(k) < i < z(k).
Then T0 extends to a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.





, βkn = α
k
n + f(n) for k, n ∈ N, be






for n ∈ N, and let R0 : Λ0(B) → Λ0(B) be such that R0en =
∑n
i=1 εn,iei +
en+1 for n ∈ N. We have
αkn + f(n) = β
k
n + g(n)
for k, n ∈ N, where g : N→ R, g ≡ 0.
Λ(A), the functions µ, x, y, z, χ, ψ, ϕ, f and the operator T0 satisfy As-
sumptions 1.1 and 1.4 (1), (2), then, by Theorem 1.11, Λ(B), the functions
µ, x, y, z, χ, ψ, ϕ, g and the operator R0 satisfy Assumptions 1.1 and 1.4 (1),
(2). Since Λ(B), the functions µ, x, y, z, χ, ψ, ϕ, g and the operator R0 sat-
isfy conditions (1)-(10) of Theorem 2.4, they satisfy Assumptions 1.1 and
1.4.
Hence, by Theorem 1.11, Λ(A), the functions µ, x, y, z, χ, ψ, ϕ, f and the
operator T0 satisfy Assumptions 1.1 and 1.4.
46
Therefore, by Theorem 1.12, T0 extends to a linear and continuous op-
erator
T : Λ(A)→ Λ(A)













, be a non-
Archimedean Köthe space.
Assume that:
(1) For every k, i ∈ N there exists j ∈ N such that
αk+1n ≥ αkn+i
for n ≥ j.
(2)
αkn ≤ αkn+1
for k, n ∈ N.
Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
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Proof. Let h : N→ N, h(n) = m for n,m ∈ N, 2m−1 ≤ n < 2m.
The function h has the properties: h(n) ≤ h(n+ 1) for n ∈ N; for every
i ∈ N there exists j ∈ N such that h(n) + 1 ≥ h(n + i) for n ≥ j; and
limn→∞ h(n) =∞.






, where βkn = α
k
n + k + h(n) for k, n ∈ N.
We have
βkn + 1 = α
k
n + k + 1 + h(n) ≤ αk+1n + k + 1 + h(n) = βk+1n (3.1)
for k, n ∈ N; by (1) and the properties of h, for every k, i ∈ N there exists
j ∈ N such that
βk+1n = α
k+1
n + k + 1 + h(n) ≥ αkn+i + k + h(n+ i) = βkn+i
for n ≥ j; for every k, n ∈ N
βkn = α
k












k,n∈N satisfies condition (3.1), assumptions (1), (2) and the
additional condition (3.2).
Since the non-Archimedean Köthe space Λ(B) is isomorphic to Λ(A), we
can assume that
αkn + 1 ≤ αk+1n












, γkn = α
k
n + ξn for k, n ∈ N, (ξn)n∈N ⊂ R, isomorphic to
Λ(A), functions µ, x, y, z, χ, ψ, ϕ, f and an operator T0 that satisfy assump-
tions of Theorem 2.1.
The sequence (ξn)n∈N is defined such that
ξn ≥ ξn+1





µ : N→ N
be a function that takes any natural number infinitely many times.
The sequence (ξn)n∈N, the functions x, y, z, χ, ψ, ϕ and the operator T0
are defined by induction.
By (3), there exist x(1) and χ(1) such that
x(1) ≤ χ(1),
αµ(1)n ≤ 0





y(1) = χ(1) + x(1).
Let
ξ(n) = 0
for 1 ≤ n ≤ χ(1) and
ξ(n) = −αµ(1)n
for χ(1) < n ≤ χ(1) + x(1).
Then
γµ(1)n ≤ 0
for x(1) < n ≤ χ(1) + x(1) and
γµ(1)+1n ≥ 0
for χ(1) < n ≤ y(1).
Let
ϕ(1) = x(1) + y(1)− 1.

















if y(1) < n < ψ(1).




for 1 ≤ n ≤ ψ(1).
Let
ξn = ξψ(1)





for n < z(1).
Let k ∈ N, k ≥ 2. Suppose that we have defined x(m), y(m), z(m), χ(m),
ψ(m), ϕ(m) for 1 ≤ m < k and ξn for 1 ≤ n ≤ z(k − 1). Then we define
x(k), y(k), z(k), χ(k), ψ(k), ϕ(k) and ξi for z(k − 1) < i ≤ z(k).
By (3), there exist x(k) and χ(k) such that
z(k − 1) ≤ x(k) ≤ χ(k),
αµ(k)n + ξz(k−1) ≤ 0
if x(k) < n ≤ χ(k) and
α
µ(k)
χ(k)+1 + ξz(k−1) ≥ 0.
Let
ξn = ξz(k−1)
if z(k − 1) < n ≤ χ(k) and
ξn = −αµ(k)n
for χ(k) < n ≤ χ(k) + x(k).







for 1 ≤ j < k, 1 ≤ i ≤ ϕ(j).
Let
ξn = ξχ(k)+x(k)
if χ(k) + x(k) < n ≤ y(k).
Then
γµ(k)n ≤ 0
for x(k) < n ≤ χ(k) + x(k),
γµ(k)+1n ≥ 0






for 1 ≤ j < k, 1 ≤ i ≤ ϕ(j).
Let
ϕ(k) = x(k) + y(k)− 1.




for n ≥ ψ(k), 1 ≤ i ≤ ϕ(k). Let
ξn = −αµ(k)+2n









if y(k) < n < ψ(k).






for 1 ≤ j ≤ k, 1 ≤ i ≤ ψ(k).
Let
ξn = ξψ(k)








for 1 ≤ j ≤ k, 1 ≤ i < z(k).
Now we define the operator T0.
Let
T0en = en+1
for 1 ≤ n < z(1), n 6= y(1);
T0ey(1) = ey(1)+1 + e1.





0 e1 − ez(1)
)
+ ez(1)+1.
Let k ∈ N, k ≥ 2. Suppose that we have defined T0en for 1 ≤ n ≤
z(k − 1). Then we define T0en for z(k − 1) < n ≤ z(k).
Let
T0en = en+1
for z(k − 1) < n < z(k), n 6= y(k);
T0ey(k) = ey(k)+1 + e1.





0 e1 − ez(k)
)
+ ez(k)+1.
The non-Archimedean Köthe space Λ(C), the functions µ, x, y, z, χ, ψ,
ϕ, f and the operator T0 are defined such that they satisfy Assumptions 1.1,
1.4 (1), (2) and conditions (1), (2), (5), (6) of Theorem 2.1.
So it remains to check conditions (3), (4) of Theorem 2.1.











Hence conditions (3), (4) of Theorem 2.1 are satisfied.
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Therefore the operator T0 extends to a linear and continuous operator
T̂ : Λ(C)→ Λ(C)
that has no nontrivial invariant subspaces.
Since Λ(A) is isomorphic to Λ(C), there exists a linear and continuous
operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
Theorem 3.2. The non-Archimedean Banach space c0 has a linear and
continuous operator
T : c0 → c0
that has no nontrivial invariant subspaces.
Proof. The space c0 is isomorphic to the non-Archimedean Köthe space






n = 1 for k, n ∈ N.
Since Λ(A) satisfies assumptions of Theorem 3.1, there exists a linear
and continuous operator
T : c0 → c0
that has no nontrivial invariant subspaces.
Theorem 3.3 (W. Śliwa [18]). Let X be an infinitely dimensional non-
Archimedean Banach space of countable type.
Then there exists a linear and continuous operator
T : X → X
that has no nontrivial invariant subspaces.
Proof. Every infinitely dimensional non-Archimedean Banach space of
countable type is isomorphic to c0.
Therefore, by Theorem 3.2, there exists a linear and continuous operator
T : X → X
that has no nontrivial invariant subspaces.
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3.2 Unlimited coefficients from below





, be a non-Archimedean
Köthe space.
Assume that:
(1) There exists a sequence (ζn)n∈N ⊂ R such that:
(a) For every k, i ∈ N there exists j ∈ N such that
αk+1n + ζn ≥ αkn+i + ζn+i
for n ≥ j.
(b) For every l,m ∈ N and M ∈ R, M ≥ 0 there exist r, s, t ∈ N
and a function α : [s+ 1, s+ r]→ R such that:
(i)
l ≤ r ≤ s < s+ r ≤ t,
(ii)
αmn + ζn ≤ α(s+ 1)
if r < n ≤ s,
(iii)
α(s+ 1) ≥ 0,
(iv)
α(n) ≤ α(n+ 1)
if s < n < s+ r,
(v)
αmn + ζn ≤ α(n) ≤ αm+1n + ζn
for s < n ≤ s+ r,
(vi)
α(s+ r) ≤ αm+1n + ζn
if s+ r < n ≤ t,
(vii)
α1t + ζt − α(s+ r) ≥M.
(2) There exists a sequence (ϑn)n∈N ⊂ R such that:
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(a) For every k, i ∈ N there exists j ∈ N such that
αk+1n + ϑn ≥ αkn+i + ϑn+i
for n ≥ j.
(b) For every k, l ∈ N there exists m ∈ N, m ≥ l such that
αin + ϑn ≤ αi+1m + ϑm
for 1 ≤ i ≤ k, 1 ≤ n ≤ m.
Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
Proof. Let h : N → N, h(n) = m for n,m ∈ N, 2m−1 ≤ n < 2m, and let






αkn + k + h(n) for k, n ∈ N.
We have
βkn + 1 = α
k
n + k + 1 + h(n) ≤ αk+1n + k + 1 + h(n) = βk+1n (3.3)
for k, n ∈ N.




k,n∈N and the sequences (ζn)n∈N, (ϑn)n∈N satisfy
conditions of assumptions (1) and (2) and some additional conditions.
By (1)(a) and the properties of h, for every k, i ∈ N there exists j ∈ N
such that
βk+1n +ζn = α
k+1
n +ζn+k+1+h(n) ≥ αkn+i+ζn+i+k+h(n+i) = βkn+i+ζn+i
for n ≥ j.
Let l,m ∈ N, M ∈ R, M ≥ 0 and let r, s, t ∈ N and α : [s+1, s+r]→ R
be such that conditions of assumption (1)(b) are satisfied.
Let
β : [s+ 1, s+ r]→ R, n 7→ α(n) +m+ h(n).
Then
βmn + ζn = α
m
n + ζn +m+ h(n) ≤ α(s+ 1) +m+ h(s+ 1) = β(s+ 1)
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if r < n ≤ s,
β(s+ 1) = α(s+ 1) +m+ h(s+ 1) ≥ h(s+ 1), (3.4)
β(n) = α(n) +m+ h(n) ≤ α(n+ 1) +m+ h(n+ 1) = β(n+ 1)
if s < n < s+ r,
βmn + ζn = α
m
n + ζn +m+ h(n) ≤ α(n) +m+ h(n) = β(n)
≤ αm+1n + ζn +m+ 1 + h(n) = βm+1n + ζn
for s < n ≤ s+ r,
β(s+ r) = α(s+ r) +m+h(s+ r) ≤ αm+1n + ζn +m+ 1 +h(n) = βm+1n + ζn
if s+ r < n ≤ t,
β1t + ζt−β(s+ r) = α1t + ζt+ 1 +h(t)−α(s+ r)−m−h(s+ r) ≥M −m+ 1
since h(t)− h(s+ r) ≥ 0. If we take M +m− 1 instead of M , then
β1t + ζt − β(s+ r) ≥M.
By (2)(a) and the properties of h, for every k, i ∈ N there exists j ∈ N
such that
βk+1n +ϑn = α
k+1
n +ϑn+k+1+h(n) ≥ αkn+i+ϑn+i+k+h(n+i) = βkn+i+ϑn+i
for n ≥ j.
Let k, l ∈ N end let m ∈ N, m ≥ l be such that condition (2)(b) is
satisfied. Then
βin + ϑn = α
i
n + ϑn + i+ h(n) ≤ αi+1m + ϑm + i+ 1 + h(m) = βi+1m + ϑm
for 1 ≤ i ≤ k, 1 ≤ n ≤ m and









k,n∈N and the se-
quences (ζn)n∈N, (ϑn)n∈N satisfy conditions of assumptions (1), (2) and the
additional conditions (3.4), (3.5).
Since the non-Archimedean Köthe spaces Λ(A) is isomorphic to Λ(B)
and limn→∞ h(n) =∞, we can assume that
αkn + 1 ≤ αk+1n
for k, n ∈ N and that conditions (1), (2) are satisfied with the changes of




(2) (b’) For every k, l ∈ N and M ∈ R there exists m ∈ N, m ≥ l such
that
αin + ϑn ≤ αi+1m + ϑm
for 1 ≤ i ≤ k, 1 ≤ n ≤ m and α2m + ϑm ≥M .






, γkn = α
k
n + ξn for k, n ∈ N, (ξn)n∈N ⊂ R, isomor-
phic to Λ(A), functions µ, x, y, z, χ, ψ, ϕ, f and an operator T0 that sat-
isfy assumptions of Theorem 2.2. And additionally, we define functions
αk : [χ(k) + 1, χ(k) + x(k)]→ R for k ∈ N and a function λ : N→ N.
The function f is defined such that
f(n) ≥ f(n+ 1)
for n ∈ N.
Let
µ : N→ N
be a function that takes any natural number infinitely many times.
The sequence (ξn)n∈N, the functions x, y, z, χ, ψ, ϕ, f, λ, αk for
k ∈ N and the operator T0 are defined by induction.
By (1)(b), there exist x(1), χ(1), y(1) and α1 such that
x(1) ≤ χ(1) < χ(1) + x(1) = y(1),
αµ(1)n + ζn ≤ α1(χ(1) + 1)
if x(1) < n ≤ χ(1),
α1(χ(1) + 1) ≥ 0,
α1(n) ≤ α1(n+ 1)
if χ(1) < n < χ(1) + x(1) and
αµ(1)n + ζn ≤ α1(n) ≤ αµ(1)+1n + ζn




for 1 ≤ n ≤ y(1),
f(n) = 0
for 1 ≤ n ≤ x(1),
f(n) = −α1(χ(1) + 1)
if x(1) < n ≤ χ(1) and
f(n) = −α1(n)
for χ(1) < n ≤ χ(1) + x(1).
Then
γµ(1)n + f(n) ≤ 0
for x(1) < n ≤ χ(1) + x(1) and
γµ(1)+1n + f(n) ≥ 0
for χ(1) < n ≤ y(1).
Let
ϕ(1) = x(1) + y(1)− 1.
By (2)(a), there exists ψ(1) such that ψ(1) > y(1),




αµ(1)+1n + ϑn ≥ α
µ(1)
n+i + ϑn+i
for n ≥ ψ(1), 1 ≤ i ≤ ϕ(1).
Let
ξn = ϑn
for y(1) < n ≤ ψ(1).
Let





f(n+ 1) = f(n) + min
(








y(1)+1 + f(y(1) + 1) ≤ 0
and
γµ(1)+2n + f(n) ≥ γ
µ(1)+2
n+1 + f(n+ 1)
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if y(1) < n < ψ(1).
Let z(1) be such that z(1) > ψ(1),
γµ(1)n + f(n) ≤ α
µ(1)+1
z(1) + ϑz(1) + f(ψ(1))
for 1 ≤ n ≤ ψ(1) and
αµ(1)n + ϑn ≤ α
µ(1)+1
z(1) + ϑz(1)
for ψ(1) < n ≤ z(1). Such z(1) exists by (2)(b’).
Let
ξn = ϑn
for ψ(1) < n ≤ z(1),
f(n) = f(ψ(1))
for ψ(1) < n ≤ z(1).
Then
γµ(1)n + f(n) ≤ γ
µ(1)+1
z(1) + f(z(1))
for 1 ≤ n ≤ z(1).
Let λ(1) be such that λ(1) ≥ z(1),




αµ(1)+1n + ζn ≥ α
µ(1)
n+i + ζn+i
for n ≥ λ(1), 1 ≤ i ≤ ϕ(1).
Let
ξn = ϑn
if z(1) < n ≤ λ(1).
Let k ∈ N, k ≥ 2. Suppose that we have defined x(m), y(m), z(m), χ(m),
ψ(m), ϕ(m), αm, λ(m) for 1 ≤ m ≤ k−1, ξi for 1 ≤ i ≤ λ(k−1) and f(i) for
1 ≤ i ≤ z(k − 1). Then we define x(k), y(k), z(k), χ(k), ψ(k), ϕ(k), αk, λ(k),
ξi for λ(k − 1) < i ≤ λ(k) and f(i) for z(k − 1) < i ≤ z(k).
There exist x(k), χ(k), y(k), αk : [χ(k) + 1, χ(k) + x(k)] → R, ξi for
λ(k − 1) < i ≤ y(k) and f(i) for z(k − 1) < i ≤ y(k) such that
λ(k − 1) ≤ x(k) ≤ χ(k) < χ(k) + x(k) ≤ y(k);
ϕ(k − 1) ≤ y(k)− λ(k − 1);
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ξn = ξλ(k−1) − ζλ(k−1) + ζn
for λ(k − 1) < n ≤ y(k);
γµ(k)n ≤ αk(χ(k) + 1)
if x(k) < n ≤ χ(k);
αk(χ(k) + 1) + f(z(k − 1)) ≥ 0;
αk(n) ≤ αk(n+ 1)
for χ(k) < n < χ(k) + x(k);
γµ(k)n ≤ αk(n) ≤ γµ(k)+1n
for χ(k) < n ≤ χ(k) + x(k);
αk(χ(k) + x(k)) ≤ γµ(k)+1n
if χ(k) + x(k) < n ≤ y(k);
f(n) = −αk(χ(k) + 1)
if z(k − 1) < n ≤ χ(k);
f(n) = −αk(n)
for χ(k) < n ≤ χ(k) + x(k);
f(n) = −αk(χ(k) + x(k))
if χ(k) + x(k) < n ≤ y(k);
γ
µ(j)
i + f(i) ≤ γ
µ(j)+1
y(k) − αk(χ(k) + x(k))
for 1 ≤ j < k, 1 ≤ i ≤ ϕ(j).
Such x(k), χ(k), y(k), αk, ξi for λ(k − 1) < i ≤ y(k) and f(i) for
z(k − 1) < i ≤ y(k) exist by (1)(b) and the fact that if















for 1 ≤ j < k, 1 ≤ i ≤ ϕ(j) since f(n) ≤ 0 for n ∈ N.
Hence
γµ(k)n + f(n) ≤ 0
for x(k) < n ≤ χ(k) + x(k),
γµ(k)+1n + f(n) ≥ 0
for χ(k) < n ≤ y(k) and
γ
µ(j)
i + f(i) ≤ γ
µ(j)+1
y(k) + f(y(k))
for 1 ≤ j < k, 1 ≤ i ≤ ϕ(j).
Let
ϕ(k) = x(k) + y(k)− 1.
By (2)(a), there exists ψ(k) such that ψ(k) > y(k),




αµ(k)+1n + ϑn ≥ α
µ(k)
n+i + ϑn+i
for n ≥ ψ(k), 1 ≤ i ≤ ϕ(k).
Let
ξn = ξy(k) − ϑy(k) + ϑn
for y(k) < n ≤ ψ(k).
Let





f(n+ 1) = f(n) + min
(








y(k)+1 + f(y(k) + 1) ≤ 0
and
γµ(k)+2n + f(n) ≥ γ
µ(k)+2
n+1 + f(n+ 1)
if y(k) < n < ψ(k).
By (2)(b’), there exists z(k), z(k) > ψ(k) such that




i + f(i) ≤ α
µ(j)+1
z(k) + ξψ(k) − ϑψ(k) + ϑz(k) + f(ψ(k))
for 1 ≤ j ≤ k, 1 ≤ i ≤ ψ(k) and
α
µ(j)
i + ϑi ≤ α
µ(j)+1
z(k) + ϑz(k)
for 1 ≤ j ≤ k, ψ(k) < i ≤ z(k).
Let
ξn = ξψ(k) − ϑψ(k) + ϑn
for ψ(k) < n ≤ z(k),
f(i) = f(ψ(k))




i + f(i) ≤ γ
µ(j)+1
z(k) + f(z(k))
for 1 ≤ j ≤ k, 1 ≤ i < z(k).
Let λ(k), λ(k) ≥ z(k) be such that




αµ(k)+1n + ζn ≥ α
µ(k)
n+i + ζn+i
for n ≥ λ(k), 1 ≤ i ≤ ϕ(k).
Let
ξn = ξz(k) − ϑz(k) + ϑn
if z(k) < n ≤ λ(k).




















Let k ∈ N, k ≥ 2. Suppose that we have defined T0en for 1 ≤ n ≤





















The non-Archimedean Köthe space Λ(C), the functions µ, x, y, z, χ, ψ,
ϕ, f and the operator T0 are defined such that they satisfy Assumptions 1.1,
1.4 (1), (2) and conditions (1), (4), (5) of Theorem 2.2, so it remains to
check conditions (2), (3) of Theorem 2.2.
We use the fact that
f(n) ≥ f(m)
for n,m ∈ N, n ≤ m.
Let k ∈ N, j ≥ ψ(k), 1 ≤ i ≤ ϕ(k).


















j+i + ϑj − ϑj+i = α
µ(k)+2
j + ϑj − α
µ(k)+1




j + f(j) ≥ γ
µ(k)
j+i + f(j + i).


















j+i + ϑj − ϑj+i = α
µ(k)+2
j + ϑj − α
µ(k)+1




j + f(j) ≥ γ
µ(k)
j+i + f(j + i).


















j+i + ζj − ζj+i = α
µ(k)+2
j + ζj − α
µ(k)+1




j + f(j) ≥ γ
µ(k)
j+i + f(j + i).
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j+i + ζλ(k) − ζj+i
= α
µ(k)+2
j + ϑj − α
µ(k)+1
λ(k) − ϑλ(k) + α
µ(k)+1
λ(k) + ζλ(k) − α
µ(k)




j + f(j) ≥ γ
µ(k)
j+i + f(j + i).
































j+i + ζλ(m) − ζj+i
= α
µ(k)+2
j + ϑj − α
µ(k)+1
λ(m) − ϑλ(m) + α
µ(k)+1
λ(m) + ζλ(m) − α
µ(k)




j + f(j) ≥ γ
µ(k)
j+i + f(j + i).
































j+i + ϑy(m) − ϑj+i
= α
µ(k)+2
j + ζj − α
µ(k)+1
y(m) − ζy(m) + α
µ(k)+1
y(m) + ϑy(m) − α
µ(k)




j + f(j) ≥ γ
µ(k)
j+i + f(j + i).
Hence condition (2) of Theorem 2.2 is satisfied.
Now let k ∈ N, j ≥ ψ(k), 1 ≤ i < ϕ(k).
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y(m) + ζj − ζy(m) = α
µ(k)+2
j + ζj − α
µ(k)+1




j + f(j) ≥ γ
µ(k)+1
y(m) + f(y(m)).














z(k) + ϑj − ϑz(k) = α
µ(k)+2
j + ϑj − α
µ(k)+1




j + f(j) ≥ γ
µ(k)+1
z(k) + f(z(k)).






















j + f(j) ≥ γ
µ(k)+1
z(m) + f(z(m)).
Hence condition (3) of Theorem 2.2 is satisfied.
Therefore the operator T0 extends to a linear and continuous operator
T̂ : Λ(C)→ Λ(C)
that has no nontrivial invariant subspaces.
Since Λ(A) is isomorphic to Λ(C), there exists a linear and continuous
operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.









(1) There exists a sequence (ζn)n∈N ⊂ R such that:
(a) For every k, i ∈ N there exists j ∈ N such that
αk+1n + ζn ≥ αkn+i + ζn+i
for n ≥ j.
(b) For every l,m ∈ N and M ∈ R, M ≥ 0 there exist u, v ∈ N such
that:
(i)
l ≤ u ≤ v,
(ii)
αmn + ζn ≤ αmu + ζu
for 1 ≤ n ≤ u,
(iii)
αmu + ζu ≤ αm+1n + ζn
for u ≤ n ≤ v,
(iv)
α1v + ζv − αmu − ζu ≥M.
(2) There exists a sequence (ϑn)n∈N ⊂ R such that:
(a) For every k, i ∈ N there exists j ∈ N such that
αk+1n + ϑn ≥ αkn+i + ϑn+i
for n ≥ j.
(b) For every k, l ∈ N there exists m ∈ N, m ≥ l such that
αin + ϑn ≤ αi+1m + ϑm
for 1 ≤ i ≤ k, 1 ≤ n ≤ m.
Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
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Proof. We show that conditions of Theorem 3.4 are satisfied.
Condition (1)(a) of Theorem 3.4 is satisfied by (1)(a).
Let l,m ∈ N and M ∈ R, M ≥ 0 and let r ∈ N, r ≥ l. By (1)(a), there
exists j ∈ N, j ≥ r such that
αm+1n + ζn ≥ αmn+i + ζn+i
for n > j, 1 ≤ i ≤ r.
Then, by (1)(b), there exist u, v ∈ N such that
j + r ≤ u ≤ v,
conditions (ii)-(iv) of (1)(b) are satisfied, and we can assume that
αmu + ζu ≥ 0. Let s, t ∈ N be such that
s+ r = u
and
v = t.
Then conditions (i)-(vii) of (1)(b) of Theorem 3.4 are satisfied if we set
α : [s+ 1, s+ r]→ R, n 7→ αms+r + ζs+r.
Hence condition (1) of Theorem 3.4 is satisfied by (1). And condition
(2) of Theorem 3.4 is satisfied by (2).
Therefore there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
3.3 Limited coefficients from below





, be a non-Archimedean
Köthe space.
Assume that:
(1) For every k, l,m ∈ N and M ∈ R, M ≥ 0 there exist r, s, t ∈ N, a
finite sequence (ζn)r≤n≤t ⊂ R and a function α : [s + 1, s + r] → R
such that:
(a)
l ≤ r ≤ s < s+ r ≤ t.
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(b) (i) If [n, n+ i] ⊂ [r, t] and 1 ≤ i ≤ l, then
αj+2n + ζn ≥ α
j
n+i + ζn+i
for 1 ≤ j ≤ k;
(ii) if 1 ≤ i ≤ l, then
αj+1r + ζr ≥ α
j
r+i + ζr+i
for 1 ≤ j ≤ k;
(iii) if 1 ≤ t− n ≤ l, then
αj+2n + ζn ≥ α
j+1
t + ζt
for 1 ≤ j ≤ k.
(c) (i)
αmn + ζn ≤ α(s+ 1)
for r ≤ n ≤ s,
(ii)
α(n) ≤ α(n+ 1)
if s < n < s+ r,
(iii)
αmn + ζn ≤ α(n) ≤ αm+1n + ζn
for s < n ≤ s+ r,
(iv)
α(s+ r) ≤ αm+1n + ζn
if s+ r < n ≤ t,
(v)
α1t + ζt − α(s+ r) ≥M.
(2) There exists a sequence (ϑn)n∈N ⊂ R such that:
(a) For every k, i ∈ N there exists j ∈ N such that
αk+1n + ϑn ≥ αkn+i + ϑn+i
for n ≥ j.
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(b) For every l, k, i ∈ N there exists m ∈ N, m ≥ l, m > i such that
αjn + ϑn ≤ αj+1m + ϑm








Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.






, βkn = α
k






such that ϑ̂n = ϑn+h(n) for n ∈ N, where h : N→ N is a function such that
h(n) = m for n,m ∈ N, 2m−1 ≤ n < 2m.
We have
βkn + 1 = α
k
n + k + 1 ≤ αk+1n + k + 1 = βk+1n (3.6)


























satisfy conditions (2)(a), (2)(b) and the addi-
tional condition (3.7).
Since Λ(B) is isomorphic to Λ(A), we can assume that
αkn + 1 ≤ αk+1n
















, γkn = α
k
n + ξn for k, n ∈ N, (ξn)n∈N ⊂ R, isomorphic
to Λ(A), functions µ, x, y, z, χ, ψ, ϕ, f , function ν, sets Xk for k ∈ N \ {1},
functions υk for k ∈ N \ {1} and an operator T0 that satisfy assumptions of
Theorem 2.4. And additionally, we define functions




µ : N→ N
be a function that takes any natural number infinitely many times.
The sequence (ξn)n∈N, the functions x, y, z, χ, ψ, ϕ, the operator T0, the
function ν, the sets Xk for k ∈ N \ {1}, the functions υk for k ∈ N \ {1} and
the functions αk for k ∈ N are defined by inductions.
By (1), there exist x(1), χ(1), y(1), (ζn)x(1)≤n≤y(1) ⊂ R and α1 such that
x(1) ≤ χ(1) < χ(1) + x(1) = y(1),
αµ(1)n + ζn ≤ α1(χ(1) + 1)
if x(1) < n ≤ χ(1),
α1(n) ≤ α1(n+ 1)
if χ(1) < n < χ(1) + x(1) and
αµ(1)n + ζn ≤ α1(n) ≤ αµ(1)+1n + ζn
for χ(1) < n ≤ χ(1) + x(1).
Let
ξn = ζn
for 1 ≤ n ≤ x(1),
ξn = ζn − α1(χ(1) + 1)
if x(1) < n ≤ χ(1),
ξn = ζn − α1(n)
for χ(1) < n ≤ χ(1) + x(1).
Then
γµ(1)n ≤ 0
for x(1) < n ≤ χ(1) + x(1) and
γµ(1)+1n ≥ 0
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for χ(1) < n ≤ y(1).
Let
ϕ(1) = x(1) + y(1)− 1.
By (2)(a), there exists ψ(1), ψ(1) > y(1) such that




αµ(1)+1n + ϑn ≥ α
µ(1)
n+i + ϑn+i





ξn+1 = ξn − ϑn + ϑn+1 + min
(













if y(1) < n < ψ(1).




z(1) + ξψ(1) − ϑψ(1) + ϑz(1)
for 1 ≤ n ≤ ψ(1) and
αµ(1)n + ϑn ≤ α
µ(1)+1
z(1) + ϑz(1)
for ψ(1) < n ≤ z(1).
Let
ξn = ξψ(1) − ϑψ(1) + ϑn





for 1 ≤ n ≤ z(1).




for 1 ≤ n < z(1), n 6= y(1);
T0ey(1) = ey(1)+1 + e1.





0 e1 − ez(1)
)
+ ez(1)+1.
Let k ∈ N, k ≥ 2. Suppose that we have defined x(m), y(m), z(m), χ(m),
ψ(m), ϕ(m), (ζn)x(m)≤n≤y(m) , αm for 1 ≤ m < k, ν(m), Xm, υm for
2 ≤ m < k if k > 2 and ξi, T0ei for 1 ≤ i ≤ z(k − 1). Then we define
x(k), y(k), z(k), χ(k), ψ(k), ϕ(k), (ζn)x(k)≤n≤y(k) , αk, ν(k), Xk, υk and ξi, T0ei
for z(k − 1) < i ≤ z(k).
By (1) and (2)(c’), there exist x(k), χ(k), y(k), (ζn)x(k)≤n≤y(k) , αk and ξi
for z(k − 1) < i ≤ y(k) such that
z(k − 1) ≤ x(k) ≤ χ(k) < χ(k) + x(k) ≤ y(k);
α
µ(k)
x(k) + ϑx(k) ≥ 0;
αµ(j)+2n + ζn ≥ α
µ(j)
n+i + ζn+i
for 1 ≤ j < k, [n, n+ i] ⊂ [x(k), y(k)], 1 ≤ i ≤ ϕ(j);
α
µ(j)+1
x(k) + ζx(k) ≥ α
µ(j)
x(k)+i + ζx(k)+i
for 1 ≤ j < k, 1 ≤ i ≤ ϕ(j);
αµ(j)+2n + ζn ≥ α
µ(j)+1
y(k) + ζy(k)
for 1 ≤ j < k, 1 ≤ y(k)− n ≤ ϕ(j);
αµ(k)n + ζn ≤ αk(χ(k) + 1)
for x(k) ≤ n ≤ χ(k);
αk(n) ≤ αk(n+ 1)
for χ(k) < n < χ(k) + x(k);
αµ(k)n + ζn ≤ αk(n) ≤ αµ(k)+1n + ζn
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for χ(k) < n ≤ χ(k) + x(k);
αk(χ(k) + x(k)) ≤ αµ(k)+1n + ζn
if χ(k) + x(k) < n ≤ y(k);
γµ(j)n ≤ α
µ(j)+1
y(k) + ζy(k) − αk(χ(k) + x(k))
for 1 ≤ j < k, 1 ≤ n ≤ ϕ(j);
ξn = ξz(k−1) − ϑz(k−1) + ϑn
if z(k − 1) < n ≤ x(k);
ξn = ζn − αk(χ(k) + 1)
if x(k) < n ≤ χ(k);
ξn = ζn − αk(n)
for χ(k) < n ≤ χ(k) + x(k);
ξn = ζn − αk(χ(k) + x(k))
if χ(k) + x(k) < n ≤ y(k).
Such x(k), χ(k), y(k), (ζn)x(k)≤n≤y(k) , αk and ξi for z(k − 1) < i ≤ y(k)
exist by (1) and the fact that if









y(k) + ζy(k) − αk(χ(k) + x(k)) ≥ α
1
y(k) + ζy(k) − αk(χ(k) + x(k)) ≥ γ
µ(j)
i
for 1 ≤ j < k, 1 ≤ i ≤ ϕ(j).
Hence
γµ(k)n ≤ 0
for x(k) < n ≤ χ(k) + x(k),
γµ(k)+1n ≥ 0







for 1 ≤ j < k, 1 ≤ i ≤ ϕ(j).
Let
ϕ(k) = x(k) + y(k)− 1.
By (2)(a), there exists ψ(k), ψ(k) > y(k) such that
αµ(k)+2n + ϑn ≥ αµ(k)+1n + ϑn+i
and
αµ(k)+1n + ϑn ≥ αµ(k)n + ϑn+i
for n ≥ ψ(k), 1 ≤ i ≤ ϕ(k).
Let
ξy(k)+1 = ξy(k) − ϑy(k) + ϑy(k)+1 + min
(




ξn+1 = ξn − ϑn + ϑn+1 + min
(













if y(k) < n < ψ(k).
Let ν(k), Xk, υk, z(k) and ξn for ψ(k) < n ≤ z(k) be such that
ψ(k) ≤ ν(k)y(k) < (ν(k) + 1)y(k) < z(k);
Xk = {m ≥ ν(k) : my(k) < z(k),m = 0 (mod ν(k)) or
m = 1 (mod ν(k))} ;
υk : Xk → N, υk : m 7→ my(k);
ξn = ξψ(k) − ϑψ(k) + ϑn



















for 1 ≤ j ≤ k, z(k)− (ν(k)− 1)y(k) < i < z(k).
Such ν(k), Xk, υk, z(k) and ξi for ψ(k) < i ≤ z(k) exist by (2)(b) and
(2)(c’).
And we define T0en for z(k − 1) < n ≤ z(k).
Let
T0en = en+1
if z(k − 1) < n < z(k), n 6= y(k) and n 6= υk(m) for m ∈ Xk;
T0ey(k) = ey(k)+1 + e1;
T0en = −e1 + en+1
if n = υk(m) for some m ∈ Xk and m = 0 (mod ν(k));
T0en = e1 + en+1
if n = υk(m) for some m ∈ Xk and m = 1 (mod ν(k)).





0 e1 − ez(k)
)
+ ez(k)+1.
The non-Archimedean Köthe space Λ(C), the functions µ, x, y, z, χ, ψ,
ϕ, f , the function ν, the sets Xk for k ∈ N \ {1}, the functions υk for
k ∈ N\{1} and the operator T0 are defined so that they satisfy Assumptions
1.1, 1.4 (1), (2) and conditions (1)-(3), (6)-(10) of Theorem 2.4. Thus it
remains to check conditions (4), (5) of Theorem 2.4.
Let k ∈ N, j ≥ ψ(k), 1 ≤ i ≤ ϕ(k).


















j+i + ϑj − ϑj+i = α
µ(k)+2
j + ϑj − α
µ(k)+1
j+i − ϑj+i ≥ 0.






























(ϑj+l − ϑj+l+1) = α
µ(k)+2
j + ϑj − α
µ(k)+1
j+i − ϑj+i ≥ 0.

























(ζj+l − ζj+l+1) = α
µ(k)+2
j + ζj − α
µ(k)
j+i − ζj+i ≥ 0.






















j+i + ξx(k+1) − ξj+i
≥ αµ(k)+2j − α
µ(k)+1













j+i −ζj+i ≥ 0.
• If x(m) ∈ (j, j + i) for some m > k + 1, then j > y(m − 1) and






















j+i + ξx(m) − ξj+i
≥ αµ(k)+2j − α
µ(k)+1




j+i + ζx(m) − ζj+i
= α
µ(k)+2
j + ϑj − α
µ(k)+1
x(m) − ϑx(m) + α
µ(k)+1
x(m) + ζx(m) − α
µ(k)
j+i − ζj+i ≥ 0.
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j+i + ξy(m) − ξj+i
≥ αµ(k)+2j − α
µ(k)+1




j+i + ϑy(m) − ϑj+i
= α
µ(k)+2
j + ζj − α
µ(k)+1
y(m) − ζy(m) + α
µ(k)+1
y(m) + ϑy(m) − α
µ(k)
j+i − ϑj+i ≥ 0.
Hence condition (4) of Theorem 2.4 is satisfied.
Now assume that k ∈ N, j ≥ ψ(k), 1 ≤ i < ϕ(k).









y(m) + ξj − ξy(m)
≥ αµ(k)+2j − α
µ(k)+1
y(m) + ζj − ζy(m) = α
µ(k)+2
j + ζj − α
µ(k)+1
y(m) − ζy(m) ≥ 0.


















z(m) −ϑz(m) ≥ 0.













































Hence condition (5) of Theorem 2.4 is satisfied.
Therefore the operator T0 extends to a linear and continuous operator
T̂ : Λ(C)→ Λ(C)
that has no nontrivial invariant subspaces.
Since Λ(A) is isomorphic with Λ(C), there exists a linear and continuous
operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.





, be a non-Archimedean
Köthe space.
Assume that:
(1) There exists a sequence (ζn)n∈N ⊂ R such that:
(a) For every k, i ∈ N there exists j ∈ N such that
αk+1n + ζn ≥ αkn+i + ζn+i
for n ≥ j.
(b) For every l,m ∈ N and M ∈ R, M ≥ 0 there exist r, s, t ∈ N and a
function α : [s+ 1, s+ r]→ R such that:
(i)
l ≤ r ≤ s < s+ r ≤ t,
(ii)
αmn + ζn ≤ α(s+ 1)
for r ≤ n ≤ s,
(iii)
α(n) ≤ α(n+ 1)
if s < n < s+ r,
(iv)
αmn + ζn ≤ α(n) ≤ αm+1n + ζn
for s < n ≤ s+ r,
(v)
α(s+ r) ≤ αm+1n + ζn
if s+ r < n ≤ t,
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(vi)
α1t + ζt − α(s+ r) ≥M.
(2) There exists a sequence (ϑn)n∈N ⊂ R such that:
(a) For every k, i ∈ N there exists j ∈ N such that
αk+1n + ϑn ≥ αkn+i + ϑn+i
for n ≥ j.
(b) For every l, k, i ∈ N there exists m ∈ N, m ≥ l, m > i such that
αjn + ϑn ≤ αj+1m + ϑm








Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
Proof. We show that conditions of Theorem 3.6 are satisfied.
Let k, l,m ∈ N and M ∈ R, M ≥ 0. Then there exist r, s, t ∈ N and a
function α : [s+ 1, s+ r]→ R such that
l ≤ r ≤ s < s+ r ≤ t;
αj+1n + ζn ≥ α
j
n+i + ζn+i
for n ≥ r, 1 ≤ i ≤ l, 1 ≤ j ≤ k + 1; and conditions (ii)-(vi) of (1)(b) are
satisfied. Then conditions (a)-(c) of (1) of Theorem 3.6 are satisfied.
Hence condition (1) of Theorem 3.6 is satisfied by (1). And condition
(2) of Theorem 3.6 is satisfied by (2).
Therefore there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
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, be a non-Archimedean
Köthe space.
Assume that:
(1) There exists a sequence (ζn)n∈N ⊂ R such that:
(a) For every k, i ∈ N there exists j ∈ N such that
αk+1n + ζn ≥ αkn+i + ζn+i
for n ≥ j.
(b) For every l,m ∈ N and M ∈ R, M ≥ 0 there exist u, v ∈ N such
that:
(i)
l ≤ u ≤ v,
(ii)
αmn + ζn ≤ αmu + ζu
for 1 ≤ n ≤ u,
(iii)
αmu + ζu ≤ αm+1n + ζn
for u ≤ n ≤ v,
(iv)
α1v + ζv − αmu − ζu ≥M.
(2) There exists a sequence (ϑn)n∈N ⊂ R such that:
(a) For every k, i ∈ N there exists j ∈ N such that
αk+1n + ϑn ≥ αkn+i + ϑn+i
for n ≥ j.
(b) For every l, k, i ∈ N there exists m ∈ N, m ≥ l, m > i such that
αjn + ϑn ≤ αj+1m + ϑm









Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
Proof. We show that conditions of Theorem 3.7 are satisfied.
Condition (1)(a) of Theorem 3.7 is satisfied by (1)(a).
Let l,m ∈ N and M ∈ R, M ≥ 0 and let r ∈ N, r ≥ l. By (1)(a), there
exists j ∈ N, j ≥ r such that
αm+1n + ζn ≥ αmn+i + ζn+i
for n > j, 1 ≤ i ≤ r.
Then, by (1)(b), there exist u, v ∈ N such that
j + r ≤ u ≤ v
and conditions (ii)-(iv) of (1)(b) are satisfied. Let s, t ∈ N be such that
s+ r = u
and
v = t.
Then conditions (i)-(vi) of (1)(b) of Theorem 3.7 are satisfied if we set
α : [s+ 1, s+ r]→ R, n 7→ αms+r + ζs+r.
Hence condition (1) of Theorem 3.7 is satisfied by (1). And condition
(2) of Theorem 3.7 is satisfied by (2).
Therefore there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
3.4 Coefficients with the property of braking





, be a non-Archimedean
Köthe space.
Assume that:
(1) For every k, l,m ∈ N there exist r, s ∈ N, a sequence (ζn)n≥r ⊂ R
and a function α : [s+ 1, s+ r]→ R such that:
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(a)
l ≤ r ≤ s.
(b) If n ≥ r and 1 ≤ i ≤ l, then
αj+1n + ζn ≥ α
j
n+i + ζn+i
for 1 ≤ j ≤ k + 1.
(c) (i)
αmn + ζn ≤ α(s+ 1)
if r ≤ n ≤ s,
(ii)
α(n) ≤ α(n+ 1)
if s < n < s+ r,
(iii)
αmn + ζn ≤ α(n) ≤ αm+1n + ζn
for s < n ≤ s+ r,
(iv)
α(s+ r) ≤ αm+1n + ζn
for s+ r < n.
(2) There exists a sequence (ϑn)n∈N ⊂ R such that:
(a) For every k, i ∈ N there exists j ∈ N such that
αk+1n + ϑn ≥ αkn+i + ϑn+i
for n ≥ j.
(b) For every l, k, i ∈ N there exists m ∈ N, m ≥ l, m > i such that
αjn + ϑn ≤ αj+1m + ϑm








Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
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, βkn = α
k






such that ϑ̂n = ϑn+h(n) for n ∈ N, where h : N→ N is a function such that

























satisfy conditions (a)-(c) of (2), equations (3.8) is satisfied and
Λ(B) is isomorphic to Λ(A), we may assume that conditions (1) and (2) are








We check that conditions of Theorem 3.6 are satisfied.
Let k, l,m ∈ N and M ∈ R, M ≥ 0.
By (1), there exist r, s ∈ N, (ζn)n≥r ⊂ R and α : [s+ 1, s+ r]→ R such
that:
l ≤ r ≤ s,
αj+1n + ζn ≥ α
j
n+i + ζn+i
for n ≥ r, 1 ≤ i ≤ l, 1 ≤ j ≤ k + 1 and condition (1)(c) is satisfied.
By (2), there exists λ ∈ N, λ ≥ r + s such that:
αj+1n + ϑn ≥ α
j
n+i + ϑn+i






= αm+1λ + ϑλ.
By (2)(c’), there exist t ∈ N such that
t− λ ≥ l
and




for r ≤ n ≤ λ and
ξn = ζλ − ϑλ + ϑn
for λ ≤ n ≤ t.
Then
α1t + ξt − α(s+ r) ≥M.
To prove that condition (1) of Theorem 3.6 is satisfied it is enough to
show that the finite sequence (ξn)r≤n≤t satisfies condition (1)(b) of
Theorem 3.6.
Let 1 ≤ j ≤ k, [n, n+ i] ⊂ [r, t] and 1 ≤ i ≤ l.
• If n+ i ≤ λ, then
αj+2n + ξn − α
j
n+i − ξn+i ≥ α
j+2
n + ζn − α
j+1
n+i − ζn+i ≥ 0.
• If n ≥ λ, then
αj+2n + ξn − α
j
n+i − ξn+i ≥ α
j+2
n + ϑn − α
j+1
n+i − ϑn+i ≥ 0.












= αj+2n + ζn − α
j+1
λ − ζλ + α
j+1
λ + ϑλ − α
j
n+i − ϑn+i ≥ 0.
• If n = r, then
αj+1r + ξr − α
j
r+i − ξr+i = α
j+1
r + ζn − α
j
r+i − ζr+i ≥ 0.
If n+ i = t, then
αj+2n + ξn − α
j+1
t − ξt = αj+2n + ϑn − α
j+1
t − ϑt ≥ 0.
Hence condition (1) of Theorem 3.6 is satisfied by (1) and (2). And
condition (2) of Theorem 3.6 is satisfied by (2).
Therefore there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
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, be a non-Archimedean
Köthe space.
Assume that:
(1) For every m ∈ N there exists a sequence (ζmn )n∈N ⊂ R such that:
(a) For every k, i ∈ N there exists j ∈ N such that
αk+1n + ζ
m
n ≥ αkn+i + ζmn+i
for n ≥ j.




n ≤ αmv + ζmv




v ≤ αm+1n + ζmn
for v ≤ n.
(2) There exists a sequence (ϑn)n∈N ⊂ R such that:
(a) For every k, i ∈ N there exists j ∈ N such that
αk+1n + ϑn ≥ αkn+i + ϑn+i
for n ≥ j.
(b) For every l, k, i ∈ N there exists m ∈ N, m ≥ l, m > i such that
αjn + ϑn ≤ αj+1m + ϑm








Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
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Proof. We check that conditions of Theorem 3.9 are satisfied.
Let k, l,m ∈ N. By (1)(a), there exists r ∈ N, r ≥ l such that (ζmn )n∈N




n ≥ αmn+i + ζmn+i
for n > j, 1 ≤ i ≤ r.
Then, by (1)(b), there exists v ∈ N such that
j + r ≤ v
and conditions (i) and (ii) of (1)(b) are satisfied. Let s ∈ N be such that
s+ r = v.
Let (ζn)n≥r be such that ζn = ζ
m
n for n ≥ r. Then conditions (a)-(c) of
(1) of Theorem 3.9 are satisfied if we set α : [s+ 1, s+ r]→ R, n 7→ αmv + ζv.
Hence condition (1) of Theorem 3.9 is satisfied by (1). And condition
(2) of Theorem 3.9 is satisfied by (2).
Therefore there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.




k,n∈N, be a non-Archimedean
Köthe space.
Assume that:
(1) For every m ∈ N there exists a sequence (bmn )n∈N ⊂ R of positive
numbers such that:




for n ≥ j.
(b) For every l ∈ N there exists n ∈ N, n ≥ l such that
ami b
m
i ≤ amn bmn ≤ amj bmj
for 1 ≤ i ≤ n ≤ j.
(2) There exists a sequence (cn)n∈N ⊂ R of positive numbers such that:
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(a) For every k, i ∈ N there exists j ∈ N such that
ak+1n cn ≥ akn+icn+i
for n ≥ j.
(b) For every l, k, i ∈ N there exists m ∈ N, m ≥ l, m > i such
that
ajncn ≤ aj+1m cm





Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
Proof. We show that conditions of Theorem 3.10 are satisfied.
Let akn = |a|α
k
n for k, n ∈ N, bmn = |a|ζ
m
n for m,n ∈ N and cn = |a|ϑn for
n ∈ N.
Let m ∈ N. Then condition (1)(a) of Theorem 3.10 is satisfied by (1)(a)
and since for every l ∈ N there exists v ∈ N, v ≥ l such that
ami b
m
i ≤ amv bmv ≤ amj bmj ≤ am+1j b
m
j
for 1 ≤ i ≤ v ≤ j, condition (1)(b) of Theorem 3.10 is satisfied by (1)(b).
Hence condition (1) of Theorem 3.10 is satisfied by (1). And condition
(2) of Theorem 3.10 is satisfied by (2).
Therefore there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.




k,n∈N, be a non-Archimedean
Köthe space.
Assume that:
(1) For every k, i ∈ N there exists j ∈ N such that
ak+1n ≥ akn+i
for n ≥ j.
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(2) For every l,m ∈ N there exists n ∈ N, n ≥ l such that
ami ≤ amn ≤ amj
for 1 ≤ i ≤ n ≤ j.
(3) For every l, k, i ∈ N there exists m ∈ N, m ≥ l, m > i such that
ajn ≤ aj+1m
for 1 ≤ j ≤ k, m− i ≤ n < m.
Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
Proof. We check that conditions of Theorem 3.11 are satisfied.
Let bmn = 1 for m,n ∈ N and cn = 1 for n ∈ N.
Let m ∈ N. Then conditions (a), (b) of (1) of Theorem 3.11 are satisfied
by (1), (2) respectively. And conditions (a), (b), (c) of (2) of Theorem 3.11
are satisfied by (1), (3), (2) respectively.
Therefore there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.




k,n∈N, be a non-Archimedean
Köthe space.
Assume that:
(1) For every k, i ∈ N there exists j ∈ N such that
ak+1n ≥ akn+i
for n ≥ j.
(2) For every l,m ∈ N there exists n ∈ N, n ≥ l such that
ami ≤ amn ≤ amj
for 1 ≤ i ≤ n ≤ j.
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(3) For every k, i ∈ N there exists j ∈ N, j > i such that
akn−i ≤ ak+1n
for n ≥ j.
Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
Proof. Conditions (1)-(3) of Theorem 3.12 are satisfied by (1)-(3) respec-
tively.
Therefore there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
3.5 Some global properties




k,n∈N, be a non-Archimedean
Köthe space.
Assume that:







for n ≥ j.
(2) There exists a sequence (cn)n∈N ⊂ R of positive numbers such that:
(a) For every k, i ∈ N there exists j ∈ N such that
ak+1n cn ≥ akn+icn+i
for n ≥ j.
(b) For every k, l, i ∈ N there exists m ∈ N, m ≥ l, m > i such that
ajncn ≤ aj+1m cm






Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
Proof. We show that conditions of Theorem 3.11 are satisfied.
Let bmn = (a
m
n )
−1 for m,n ∈ N.










for i ∈ N, condition (1)(b) of Theorem 3.11 is satisfied.
Hence condition (1) of Theorem 3.11 is satisfied by (1). And condition
(2) of Theorem 3.11 is satisfied by (2).
Therefore there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.




k,n∈N, be a non-Archimedean
Köthe space.
Assume that:







for n ≥ j.







for n ≥ j.
Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
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Proof. We show that conditions of Theorem 3.14 are satisfied.
Condition (1) of Theorem 3.14 is satisfied by (1).
Let cn = (a
1
n)
−1 for n ∈ N. Then, in particular, condition (2)(a) of The-
orem 3.14 is satisfied by (1). Condition (2)(b) of Theorem 3.14 is satisfied







for n ∈ N, condition (2)(c) of Theorem 3.14 is satisfied.
Hence condition (2) of Theorem 3.14 is satisfied by (1) and (2).
Therefore there exists a linear and continuous operator
T : Λ(A)→ Λ(A)





n∈N ⊂ R for k ∈ N and (αn)n∈N ⊂ R be sequences










k, n ∈ N, be a non-Archimedean Köthe space.
Assume that:









for n ≥ j.









for n ≥ j.

















Then there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
Proof. We show that conditions of Theorem 3.15 are satisfied.



































for i ∈ N.




































for i ∈ N.
Therefore there exists a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
Theorem 3.17. Let (cn)n∈N ⊂ R be a sequence of positive numbers such













αn for k, n ∈ N, has a linear and continuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
93
Proof. Let ckn = ck for k, n ∈ N. Then conditions of Theorem 3.16 are
satisfied.
Therefore the non-Archimedean Köthe space Λ(A) has a linear and con-
tinuous operator
T : Λ(A)→ Λ(A)
that has no nontrivial invariant subspaces.
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Fréchet space. Ann. of Math. 117 (1983), no. 3, 669-694.
[2] T. Diagana, F. Ramaroson, Non-Archimedean Operator Theory.
Springer, Heidelberg, 2016.
[3] B. Diarra, Sur quelques représentations p-adiques de Zp. Indag. Math.
82 (1979), no. 4, 481-493.
[4] P. Enflo, On the invariant subspace problem for Banach spaces. Acta
Math. 158 (1987), no. 3,4, 212-313.
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